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THEOREM OF COINCIDENCE OF CLASSES FOR A
GENERALISED SHIFT OPERATOR
NIMETE SH. BERISHA
Abstract. In this paper, for a generalised shift operator intro-
duced earlier, we prove theorem of coincidence of classes of func-
tions defined by the order of best approximation by algebraical
polynomials and the generalised Lipschitz classes defined by the
generalised shift operator.
1. Introduction
In [4, 5], a generalised shift operator was introduced, by its means
the generalised moduli of smoothness of given order were defined, and
Jackson’s type theorem was proved for these moduli.
In the present paper, we prove the theorem of coincidence of classes
of functions defined by the order of best approximation by algebraic
polynomials and the generalised Lipschitz classes defined by means of
the generalised moduli of smoothness.
2. Definitions
Denote by Lp, 1 ≤ p <∞, the set of functions f measurable in sense
of Lebesgue with summable p-th power, by L∞ the set of functions f
bounded almost everywhere in [−1, 1], and
‖f‖p =


(∫ 1
−1
|f(x)|p dx
)1/p
, for 1 ≤ p <∞,
ess sup−1≤x≤1 |f(x)|, for p =∞.
Denote by Lp,α the set of functions f such that f(x)(1− x2)α ∈ Lp,
and put
‖f‖p,α = ‖f(x)(1− x2)α‖p.
Denote by En(f)p,α the best approximation of a function f ∈ Lp,α by
algebraic polynomials of degree not greater than n−1, in Lp,α metrics,
i.e.,
En(f)p,α = inf
Pn
‖f − Pn‖p,α ,
where Pn is an algebraic polynomial of degree not greater than n− 1.
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By E(p, α, λ) we denote the class of functions f ∈ Lp,α satisfying the
condition
En(f)p,α ≤ Cn−λ,
where λ > 0 and C is a constant not depending on n (n ∈ N).
Define generalised shift operator τˆt (f, x) by
τˆt (f, x) =
1
pi(1− x2) cos4 t
2
∫ pi
0
Bcos t(x, cosϕ,R)f(R) dϕ,
where
R = x cos t−
√
1− x2 sin t cosϕ,
By(x, z, R) = 2
(√
1− x2y + xz
√
1− y2(2.1)
+
√
1− x2(1− y)(1− z2)
)2
− (1− R2).
By means of this generalised shift operator define the r-th generalised
difference by
∆1t (f, x) = ∆t (f, x) = τˆt (f, x)− f(x),
∆rt1,...,tr (f, x) = ∆tr
(
∆r−1t1,...,tr−1 (f, x) , x
)
(r = 2, 3, . . . ),
and for a function f ∈ Lp,α, define the r-th generalised modulus of
smoothness as follows
ωˆr(f, δ)p,α = sup
|tj |≤δ
j=1,2,...,r
∥∥∆rt1,...,tr (f, x)∥∥p,α (r = 1, 2, . . . ).
Consider the class H(p, α, r, λ) of functions f ∈ Lp,α satisfying the
condition
ωˆr(f, δ)p,α ≤ Cδλ,
where λ > 0 and C is a constant not depending on δ.
Put y = cos t, z = cosϕ in the operator τˆt (f, x), denote it by τy (f, x)
and rewrite it in the form
τy (f, x) =
4
pi(1− x2)(1 + y)2
∫ 1
−1
By(x, z, R)f(R)
dz√
1− z2 ,
where R and By(x, z, R) are defined in (2.1).
Define the r-th power of the generalised shift operator by
τ 1y (f, x) = τy (f, x) ,
τ ry1,...,yr (f, x) = τyr
(
τ r−1t1,...,tr−1 (f, x) , x
)
(r = 2, 3, . . . ).
By P
(α,β)
ν (x) (ν = 0, 1, . . . ) we denote the Jacobi polynomials, i.e.,
the algebraic polynomials of degree ν, orthogonal with the weight func-
tion (1 − x)α(1 + x)β on the segment [−1, 1], and normed by the con-
dition
P (α,β)ν (1) = 1 (ν = 0, 1, . . . ).
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Denote by an(f) the Fourier–Jacobi coefficients of a function f , inte-
grable with the weight function (1− x2)2 on the segment [−1, 1], with
respect to the system of Jacobi polynomials
{
P
(2,2)
n (x)
}∞
n=0
, i.e.,
an(f) =
∫ 1
−1
f(x)P (2,2)n (x)(1− x2)2 dx (n = 0, 1, . . . ).
3. Auxiliary statements
In order to prove our results we need the following theorem.
Theorem 3.1. Let the numbers p and α be such that 1 ≤ p ≤ ∞;
1/2 < α ≤ 1 for p = 1,
1− 1
2p
< α <
3
2
− 1
2p
for 1 < p <∞,
1 ≤ α < 3/2 for p =∞.
If f ∈ Lp,α, then for every natural number n
C1En(f)p,α ≤ ωˆr (f, 1/n)p,α ,
where the positive constant C1 does not depend on f and n.
Theorem 3.1 was proved in [5]. It is known as a Jackson’s type
theorem.
We also need the following lemmas.
Lemma 3.1. The operator τy (f, x) has the following properties:
1) it is linear,
2) τ1 (f, x) = f(x),
3) τy
(
P
(2,2)
ν , x
)
= P
(2,2)
ν (x)P
(0,4)
ν (y) (ν = 0, 1, . . . ),
4) τy (1, x) = 1,
5) an(τy (f, x)) = an(f)P
(0,4)
n (y) (n = 0, 1, . . . ).
Lemma 3.1 was proved in [4]
Lemma 3.2. Let the numbers p and α be such that 1 ≤ p ≤ ∞;
1/2 < α ≤ 1 for p = 1,
1− 1
2p
< α <
3
2
− 1
2p
for 1 < p <∞,
1 ≤ α < 3/2 for p =∞.
If f ∈ Lp,α, then
‖τˆt (f, x)‖p,α ≤
C
cos4 t
2
‖f‖p,α ,
where constant C does not depend on f and t.
Lemma 3.2 was proved in [4].
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Corollary 3.1. Let be given numbers p, α and r such that 1 ≤ p ≤ ∞,
r ∈ N;
1
2
< α ≤ 1 for p = 1,
1− 1
2p
< α <
3
2
− 1
2p
for 1 < p <∞,
1 ≤ α < 3
2
for p =∞.
Let f ∈ Lp,α. The following inequality holds true∥∥∆rt1,...,tr (f, x)∥∥p,α ≤ C∏r
j=1
(
cos
tj
2
)4 ‖f‖p,α ,
where constant C does not depend on f and tj (j = 1, 2, . . . , r).
Proof. By applying induction with respect to r, it is not difficult to see
(for the analoguous property of the ordinary difference for y1 = y2 =
· · · = yr see, e.g., [6, f. 102] ) that the operator ∆rt1,...,tr (f, x) can be
written in the following form
∆rt1,...,tr (f, x) =
r∑
k=1
(−1)k−1
∑
i1<···<ik
τkcos yi1,...,cos yik (f, x) + (−1)rf(x),
i.e. as a linear combination of powers τˆkti1,...,tik (f, x) (i1 < i2 < · · · < ik;
k = 0, 1, . . . , r) of the appropriate generalised shift operator. Now,
Corollary 3.1 is proved by applying r times Lemma 3.2. 
4. Statement of results
Theorem 4.1. Let be given numbers p, α, r and λ such that 1 ≤ p ≤
∞, r ∈ N;
1− 1
2p
< α <
3
2
− 1
2p
for 1 ≤ p <∞,
1 ≤ α < 3
2
for p =∞
and 0 < λ < 2r. Let f ∈ Lp,α. If
En(f)p,α ≤Mn−λ,
then
ωˆr(f, δ)p,α ≤ CMδλ,
where constant C does not depend on f , M and δ.
Proof. Let Pn(x) be an algebraical polynomial of degree not greater
than n− 1 such that
‖f − Pn‖p,α = En(f)p,α (n = 1, 2, . . .).
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We define algebraical polynomials Qk(x) by
Qk(x) = P2k(x)− P2k−1(x) (k = 1, 2, . . .)
and Q0(x) = P1(x). Since for k ≥ 1
‖Qk‖p,α =
∥∥P k2 − P2k−1∥∥p,α ≤ ‖P2k − f‖p,α + ‖f − P2k−1‖p,α
= E2k (f)p,α + E2k−1 (f)p,α ,
then by the conditions of the theorem we have
(4.1) ‖Qk‖p,α ≤ C1M2−kλ.
Taking into consideration property 4) in Lemma 3.1 of the opera-
tor τy, without lost of generality we may suppose that ts 6= 0 (s =
1, 2, . . . , r). For 0 < |ts| ≤ δ (s = 1, 2, . . . , r) we estimate
I =
∥∥∆rt1,...,tr (f, x)∥∥p,α .
For every positive integerN , taking into account property 1) in Lemma 3.1
and the fact that linearity of the operator τt (f, x) implies linearity of
τ rt1,...,tr (f, x), and, in turn, linearity of ∆
r
t1,...,tr (f, x); we get
I ≤ ∥∥∆rt1,...,tr (f − P2N , x)∥∥p,α + ∥∥∆rt1,...,tr (P2N , x)∥∥p,α .
Since
P2N (x) =
N∑
k=0
Qk(x),
we have
I ≤ ∥∥∆rt1,...,tr (f − P2N , x)∥∥p,α +
N∑
k=0
∥∥∆rt1,...,tr (Qk, x)∥∥p,α
= J +
N∑
k=1
Ik.
Let N be chosen in such a way that
(4.2)
pi
2N
< δ ≤ pi
2N−1
.
We prove the following inequalities
(4.3) J ≤ C2Mδλ
and
(4.4) Ik ≤ C3M2−kλ,
where constants C2 and C3 do not depend on f , M , δ and k.
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First we consider J . By Corollary 3.1, taking into account that
|t1| ≤ δ, we have∥∥∆rt1,...,tr (f − P2N , x)∥∥p,α ≤ C4∏r
j=1
(
cos
tj
2
)4 ‖f − P2N‖p,α
= C5E2N (f)p,α
Therefrom, the condition of the theorem and inequality (4.2) yield∥∥∆rt1,...,tr (f − P2N , x)∥∥p,α ≤ C6M2−Nλ ≤ C7Mδλ,
which proves inequality (4.3).
Now we prove inequality (3). Note that, taking into consideration
Corollary 3.1, we have∥∥∆rt1,...,tr (Qk, x)∥∥p,α ≤ C8∏r
j=1
(
cos
tj
2
)4 ‖Qk‖p,α .
Hence,
Ik ≤ C9∏r
j=1
(
cos
tj
2
)4M2−kλ,
which proves inequality (3).
Inequalities (4.3), (3) and (4.2) yield
I ≤ C10M
(
δλ +
N∑
k=1
2−kλ
)
≤ C11M(δλ + 2−Nλ) ≤ C12Mδλ.
Theorem 4.1 is proved. 
Theorem 4.2. Let be given numbers p, α, r and λ such that 1 ≤ p ≤
∞, λ > 0, r ∈ N;
1− 1
2p
< α <
3
2
− 1
2p
for 1 ≤ p <∞,
1 ≤ α < 3
2
for p =∞
Let f ∈ Lp,α. If
ωˆr(f, δ)p,α ≤Mδλ,
then
En(f)p,α ≤ CMn−λ,
where constant C does not depend on f , M and n.
Proof. Let δ = 1
n
. Then, taking into account Theorem 3.1, we obtain
En(f)p,α ≤ 1
C1
ωˆr
(
f,
1
n
)
p,α
≤ CMn−λ.
Theorem 4.2 is proved. 
A THEOREM OF COINCIDENCE OF CLASSES 7
Theorem 4.3. Let be given numbers p, α, r and λ such that 1 ≤ p ≤
∞, r ∈ N;
1− 1
2p
< α <
3
2
− 1
2p
for 1 ≤ p <∞,
1 ≤ α < 3
2
for p =∞
Then for 0 < λ < 2r the classes of functions H(p, α, r, λ) coincide
between themselves for different values of r, and they coincide with the
class E(p, α, λ).
Proof. Note that, under the condition of the theorem, Theorem 4.2
implies the inclusion
H(p, α, r, λ) ⊆ E(p, α, λ),
while Theorem 4.1 implies the converse inclusion
E(p, α, λ) ⊆ H(p, α, r, λ).
Hence we conclude that the assertion of Theorem 4.3 is implied by
Theorems 4.2 and 4.1. 
Note that analogues of Theorems 4.2, 4.1 and 4.3 for another gen-
eralised shift operator were proved in [1] and, in more general forms,
in [3, 2].
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